
Value of a Definite Integral as the Limit of a Riemann Sum 

Process: 

Start with the definition of a Riemann Sum with 𝑛 sub-intervals of constant width, ∆𝑥: 

𝑆 ൌ ෍ 𝑓ሺ𝑥௞
∗ሻ ∙ ∆𝑥

௡

௞ୀଵ

 

The total width of the interval in the integral is  𝑏 െ 𝑎.  If we need to fit 𝑛 sub-intervals of constant 

width in  𝑏 െ 𝑎,  the width of each interval is:  ∆𝑥 ൌ  
௜௡௧௘௚௥௔௟ ௜௡௧௘௥௩௔௟ ௪௜ௗ௧௛

௡௨௠௕௘௥ ௢௙ ௦௨௕ି௜௡௧௘௥௩௔௟௦
ൌ

௕ି௔

௡
. 

The 𝑥௞
∗  values are based on the type of Riemann Sum we use.  Typically, a right-endpoint 

Riemann Sum is used in these calculation.  Therefore, the 𝑥௞
∗  values are the 𝑥-values at the right 

endpoints of the subintervals (see the illustration below), i.e.: 

𝑥ଵ
∗ ൌ 𝑎 ൅ 1ሺ∆𝑥ሻ,   𝑥ଶ

∗ ൌ 𝑎 ൅ 2ሺ∆𝑥ሻ,   𝑥ଷ
∗ ൌ 𝑎 ൅ 3ሺ∆𝑥ሻ,   … ,   𝑥௡

∗ ൌ 𝑎 ൅ 𝑛ሺ∆𝑥ሻ ൌ 𝑏 

When a set of values is defined in terms of an indexed sequence (e.g., 1, 2, 3, …), it is common to refer to 

the sequence in terms of an index variable, such as 𝑖 or 𝑘.  The above 𝑥-values can be described in 

index form as 𝑥௞
∗ ൌ 𝑎 ൅ 𝑘 ሺ∆𝑥ሻ, where 𝑘 takes on the values:  1, 2, 3, … , 𝑛.  Note that the final value of 

𝑥 is the upper limit of integration, i.e., 𝑥௡
∗ ൌ 𝑏. 

To obtain the area of the rectangles in the 

Riemann sum, we multiply the width of each 

subinterval, ∆𝑥, by its height, which is the 

function value at the right endpoint of the 

interval, 𝑓ሾ𝑎 ൅ 𝑘ሺ∆𝑥ሻሿ, and add them all up.   

In formula terms, that is: 

෍ 𝑓ሾ𝑎 ൅ 𝑘ሺ∆𝑥ሻሿ
௡

௞ୀଵ

∙ ∆𝑥 

               rectangle height   rectangle width 

Finally, to obtain the value of the integral, we 

increase the number of sub-intervals, 𝑛, to 

approach ∞: 

න 𝑓ሺ𝑥ሻ𝑑𝑥
௕

௔
ൌ lim

௡
 

→ஶ
෍ 𝑓ሾ𝑎 ൅ 𝑘ሺ∆𝑥ሻሿ

௡

௞ୀଵ

∙ ∆𝑥 

 In practice, we substitute expressions for 𝑓ሾ𝑎 ൅ 𝑘ሺ∆𝑥ሻሿ and for ∆𝑥 in the final solution to the problem.  

For an illustration of the entire process, see the example on the next page. 

Illustration of Right-Endpoint Riemann Sum Formula
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න 𝑥ଶ
ସ

ଶ
𝑑𝑥 Example:  Provide the exact value of                 by expressing it as the limit of a Riemann sum. 

Start with the definition of a Riemann Sum with 𝑛 sub-intervals of constant width: 

𝑆 ൌ ෍ 𝑓ሺ𝑥௞
∗ሻ ∙ ∆𝑥

௡

௞ୀଵ

 

Using a right-endpoint Riemann Sum with 𝑛 subintervals, we want to find the constant width of each sub-

interval, ∆𝑥.  Note that the limits of integration are from  𝑎 ൌ 2  to  𝑏 ൌ 4. 

∆𝑥 ൌ
𝑏 െ 𝑎

𝑛
ൌ

4 െ 2
𝑛

ൌ
2
𝑛

 

So, each subinterval is  
ଶ

௡
  wide.   

Next, we want to find the heights of the 

rectangles in the Riemann Sum, which are the 

function values at the right endpoints of the sub-

intervals. 

The 𝑥-values of the right endpoints of the 

subintervals, in index notation, are: 

𝑥௞
∗ ൌ 𝑎 ൅ 𝑘ሺ∆𝑥ሻ,   𝑘 ൌ 1, 2, … , 𝑛 

Substituting in the values of 𝑎 and ∆𝑥, we get:  

𝑥௞
∗ ൌ 2 ൅ 𝑘 ൬

2
𝑛

൰ ൌ ൬2 ൅
2𝑘
𝑛

൰ ,   𝑘 ൌ 1, 2, … , 𝑛 

In this problem, 𝑓ሺ𝑥ሻ ൌ 𝑥ଶ.  So, at the right endpoints of the subintervals, the rectangle heights are: 

𝑓ሺ𝑥௞
∗ሻ ൌ 𝑓 ൬2 ൅

2𝑘
𝑛

൰ ൌ ൬2 ൅
2𝑘
𝑛

൰
ଶ

 

Finally, the integral as a limit of the right-endpoint Riemann Sum is given by:  

න 𝑓ሺ𝑥ሻ𝑑𝑥
௕

௔
 ൌ  lim

௡
 

→ஶ
෍ 𝑓ሺ𝑥௞

∗ሻ ∙ ∆𝑥

௡

௞ୀଵ

 

which becomes:  

න 𝑥ଶ𝑑𝑥
ସ

ଶ
 ൌ  lim

௡
 

→ஶ
෍ ൬2 ൅

2𝑘
𝑛

൰
ଶ

൬
2
𝑛

൰

௡

௞ୀଵ

 ൌ  𝐥𝐢𝐦
𝒏→ஶ

෍ ቆ𝟒 ൅
𝟖𝒌
𝒏

൅
𝟒𝒌𝟐

𝒏𝟐 ቇ ∙ ൬
𝟐
𝒏

൰

𝒏

𝒌ୀ𝟏

 

                                           rectangle height     rectangle width 

Note that we could have used the limit of a left-endpoint Riemann Sum, a midpoint Riemann Sum, or even a 

trapezoidal Riemann Sum to obtain the value of the integral.  The formulas for these alternatives would look a little 

different, but the limit and, therefore, the value of the integral, would be the same. 
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